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4.

Let IC be an algebraically closed field and G be a finite group such that
char(C) does not divide #(G). Then define the group algebra K[G]
and prove that it is isomorphic to the self-intertwiner algebra of the
left-regular C-representation of G. [25]

Let K be an algebraically closed field and G be a finite group such that
char(KC) does not divide #(G). Let 7 be an irreducible KC-representation
of G and put 0 = 7@ ... &7 (n copies). Then prove that the self-
intertwiner algebra of o is isomorphic to K"*™. [25]

With the hypothesis as in Question No. (2), let H be a subgroup of G
and a be a IC-representation of H. Then define the C-representation
Ind%(a) of G and find a formula for its character in terms of the char-
acter of H corresponding to o. 20]

(a) If x is an irreducible complex character of a finite group G and

C' is a conjugacy class of GG of size h then show that hX)E(f)C) is an
algebraic integer. If, further (h, x(1)) = 1 then show that for each
x € C, either x(x) = 0 or x is represented by a scalar operator in

the representation corresponding to x.

(b) State Burnside’s p — ¢ Theorem and use part (a) to prove it.

(In proving part (a), you may assume the following result without
proof: If w is a complex root of unity then the field Q(w) does
not contain any non-zero algebraic integer of modules strictly less
then 1.) [15+10=25]



5.

(a)

For any = € S, let C(x) denote the centralizer of = in S,. Let
y be any transposition in S,,. Show that #C(x) < #C(y) for all
x € S,, x# id. Prove that equality holds here iff either x is also
a transposition or if n = 6 and z is a fixed-point-free involution.

Show that if an automorphism of .S,, maps transpositions to trans-
positions then it must be inner. Conclude that for n # 6, S, has
no outer automorphism.

Prove that Sg has an outer automorphism.
(Hint: For part (b), note that S, is generated by the n — 1 trans-

positions (1,2),...,(n—1,n) and any automorphism which maps
transpositions to transpositions must send these n — 1 transposi-
tions to (z1,x2),. .., (Ty_1,2,), when x1x5 ..., is a permutation

of 1,2,...,n) [104-10410=30]



